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Description of the problem

Figure: The overhead crane model
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Assumption

The cable is completely flexible and non-stretching,

Transversal and angular displacements are small,

Friction is neglected,

The angle of the cable with respect to the vertical-axis is
small everywhere.

Notations

~T : the tension of the cable,

θ(x , t) : the angle between ~T and the x-axis,

∆x : the length of a portion of the cable.
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Newton’s law

⇓

∆xytt(x , t) = T (x + ∆x)θ(x + ∆x , t)− T (x)θ(x , t).

θ(x , t) ' yx(x , t), T (x) = (M + 1− x)g ,

EDP

ytt(x , t)− (ayx)x (x , t) + F(x , t) = 0, 0 < x < 1, t > 0,

where a(x) = T (x) = (M + 1− x)g

EDO

mytt(0, t) = a(0)yx(0, t) + G1(1, t), t > 0,

Mytt(1, t) = −a(1)yx(1, t) + G2(1, t), t > 0.
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ytt(x , t)− (ayx)x (x , t) + F(x , t) = 0, 0 < x < 1, t > 0,
mytt(0, t)− (ayx) (0, t) = G1(0, t), t > 0,
Mytt(1, t) + (ayx) (1, t) = G2(1, t), t > 0,

(1)
où

a ∈ H1(0, 1), and there exists a positive constant a0 such that

a(x) ≥ a0 > 0, for all x ∈ [0, 1]. (2)

(
F ,G1,G2

)
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F(x , t) = 0,
G1(0, t) = −βyt(0, t) + αyt(0, t − τ),
G2(1, t) = 0.

α < β. Polynomial convergence result.
F(x , t) = yt(x , t),
G1(0, t) = −βyt(0, t) + αyt(0, t − τ),
G2(1, t) = 0.

Exponential stability result.
F(x , t) = b(x)yt(x , t),
G1(0, t) = −βyt(0, t) + αyt(0, t − τ),
G2(1, t) = 0,

Exponential stability result.
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Well-posedness

exponential stability


F(x , t) = (yxt)x(x , t),
G1(0, t) = αyt(0, t − τ) + β(ayxt)(0, t),
G2(1, t) = −β(ayxt)(1, t)− γyt(1, t),

Exponential convergence result.


F(x , t) = 0,
G1(0, t) = −σy(0, t) + νyt(0, t − τ)− ζyt(0, t) + ω(ayxt)(0, t),
G2(1, t) = 0,

(3){
ζ = δ + σω,
m > δω,

(4)
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ξ(t) = myt(0, t) + ω [σy(0, t)− (ayx) (0, t)] .

E (t) =
1

2

[∫ 1

0

[
y 2
t (x , t) + a(x)y 2

x (x , t) + Kτy 2
t (0, t − xτ)

]
dx

]
+

1

2

[
σy 2(0, t) +

1

m − δω
ξ2(t) + My 2

t (1, t)

]
.

In order to make the energy E (t) decreasing, we shall assume that

ν < min

{
2,

δ

1 + ω
2(m−δω)

}
, (5)

and then choose K such that

ν

(
1 +

ω

m − δω

)
≤ K ≤ 2δ − ν, (6)
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u(x , t) = yt(0, t − xτ),

which implies that the system becomes

ytt(x , t)− (ayx)x (x , t) = 0, x ∈ I , t > 0,
τut(x , t) + ux(x , t) = 0, x ∈ I , t > 0,
mytt(0, t)− (ayx) (0, t) = −σy(0, t) + νu(1, t)
−(δ + σω)u(0, t) + ωyxt(0, t), t > 0,
Mytt(1, t) + (ayx) (1, t) = 0, t > 0,
y(x , 0) = y0(x), yt(x , 0) = y1(x), x ∈ I ,
yt(0, t − τ) = f (t − τ), t ∈ (0, τ).

(7)
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H = H1(I )× L2(I )× L2(I )× R2,

〈(y , z , u, ξ, η), (ỹ , z̃ , ũ, ξ̃, η̃)〉H =

∫ 1

0
(ayx ỹx + zz̃) dx + Kτ

∫ 1

0
uũ dx

+σy(0)ỹ(0) + 1
m−δω ξξ̃ + Mηη̃,

Let Φ = (y , z , u, ξ, η), where z(., t) = yt(., t) and η(t) = yt(1, t).{
Φt(t) = AΦ(t),
Φ(0) = Φ0,

Sabeur Mansouri Exponential stabilization of a flexible structure with dynamic delayed boundary conditions via one boundary control only



Introduction
Well-posedness

exponential stability

H = H1(I )× L2(I )× L2(I )× R2,

〈(y , z , u, ξ, η), (ỹ , z̃ , ũ, ξ̃, η̃)〉H =
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D(A) =


(y , z , u, ξ, η) ∈ H; y ∈ H2(I ), z , u ∈ H1(I ),

ξ = mu(0) + ω[σy(0)− (ayx)(0)],
u(0) = z(0), η = z(1)

 ,

A(y , z , u, ξ, η) =(
z , (ayx)x ,−

ux

τ
,− 1

ω
ξ +

m − δω
ω

u(0) + νu(1),−(ayx)(1)

M

)
.
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A is a dissipative operator on H:

ρ : = − 1

ω
ξ +

m − δω
ω

u(0) + νu(1)

= −σy(0) + νu(1)− δu(0) + (ayx)(0).

〈AΦ,Φ〉H ≤
(
ν

2
+

K

2
− δ
)

u2(0)

+

(
ν

2
− K

2
+

νω

2(m − δω)

)
u2(1) +

(ν
2
− 1
) ω

m − δω
ρ2.

Lax-Milgram ⇒ Im(λI −A) = H.

A generates on H a C0-semigroup of contractions etA.
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Theorem

1 If Φ0 ∈ D(A),

y ∈ C 2
(
0,∞; L2(I )

)
∩ C 1

(
0,∞; H1(I )

)
∩ C

(
0,∞; H2(I )

)
;

u ∈ C 1
(
0,∞; L2(I )

)
∩ C

(
0,∞; H1(I )

)
;

ξ, η ∈ C 1 (0,∞;R) .

2 If Φ0 ∈ H,

y ∈ C 1
(
0,∞; L2(I )

)
∩ C

(
0,∞; H1(I )

)
;

u ∈ C
(
0,∞; L2(I )

)
;

ξ, η ∈ C (0,∞;R) .

3 The spectrum of A consists of isolated eigenvalues of finite
algebraic multiplicity only.
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Theorem

Suppose that (2), (4), (5) and (6) are fulfilled. The system (7) is
exponential stable in H, i.e., there exist C > 0 and $ > 0 such
that for all t > 0 we have the following the decay estimate∥∥etAΦ

∥∥
H ≤ Ce−$t ‖Φ‖H , ∀Φ ∈ H.
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Lemma 1

If λ is a real number, then iλ is not an eigenvalue of A.

⇓

The system (7) is strongly stable, i.e.,

lim
t→∞

E (t) = 0.

Lemma 2

lim sup
|λ|→∞

‖(iλI −A)−1‖A(H) <∞,
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Proof: By contradiction
Banach-Steinhaus Theorem ⇒ ∃ λn → +∞ and
Φn = (yn, zn, un, ξn, ηn) ∈ D(A) with

‖Φn‖H = 1

such that

(iλnI −A)Φn = (fn, gn, hn, pn, qn)→ 0, as n→∞ in H.



iλnyn − zn := fn → 0, in H1(I ),
iλnzn − (a(x)(yn)x)x := gn → 0, in L2(I ),

iλnun +
(un)x
τ

:= hn → 0, in L2(I ),

iλnξn +
1

ω
ξn −

m − δω
ω

un(0)− νun(1) := pn → 0, in C,

iλnηn +
(a(yn)x)(1)

M
:= qn → 0, in C.
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iλnηn +
(a(yn)x)(1)

M
:= qn → 0, in C.
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−λ2
nyn − (a(yn)x)x = iλnfn + gn,

θ(yn)x ,

where θ is the function in C 1([0, 1],R)

⇓∫ 1

0
(aθx − axθ)(x)|(yn)x |2 dx +

∫ 1

0
λ2
nθx(x)|yn(x)|2 dx

−a(1)θ(1)|(yn)x(1)|2 = o(1).
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Now let us choose

θ(x) = exp

(∫ 1

x

∣∣∣ax
a

∣∣∣ (s) ds

)(
−M −

∫ 1

x
exp

(
−
∫ 1

s

∣∣∣ax
a

∣∣∣ (r) dr

)
ds

)
, ∀x ∈ [0, 1],



θ(1) = −M,

θx(x) ≥ 1, ∀x ∈ [0, 1],

(aθx − |ax |θ)(x) ≥ a(x), ∀x ∈ [0, 1],

θ(x) < 0, ∀x ∈ [0, 1]

⇓

yn → 0 in H1(I ).
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For Φ ∈ D(A2), we consider

E(t) = E (t) + εV(t), with V(t) = V0(t) + V1(t) + V2(t),

V0(t) = 2

∫ 1

0
θ(x)ytyx dx ,

V1(t) = Kτ

∫ 1

0
e−ϑτxy 2

t (0, t − xτ) dx , ϑ is a constant,

V2(t) = C2y(0, t)

(∫ 1

0
yt dx + Myt(1, t)

)
, C2 to be chosen.
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A1E (t) ≤ E(t) ≤ A2E (t),

A1 = 1− εC∗ and A2 = 1 + εC∗,

C∗ =

(
2

∥∥∥∥ θ√
a

∥∥∥∥
L∞(I )

+ 2 +

√
M + 1√
σ

C2

)
.

d

dt
E(t) =?

E ′(t) ≤ −B1y 2
t (0, t)− B2y 2

t (0, t − τ)− B3ξ
′2(t),

with

B1 = δ − K + ν

2
, B2 =

1

2

(
K − ν − νω

m − δω

)
and B3 =

(
1− ν

2

) ω

m − δω
.
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V ′(t) ≤ −1

2

∫ 1

0
y 2
t dx −

∫ 1

0
ay 2

x dx − M

2
y 2
t (1, t) + σ2 θ(0)

a(0)
y 2(0, t)

− Kϑe−ϑττ

∫ 1

0
y 2
t (0, t − xτ) dx − 1

2(m − δω)
ξ2(t)

+ K1y 2
t (0, t) + K2y 2

t (0, t − τ) + K3ξ
′2(t),

(8)
where

K1 = −θ(0)− 3
θ(0)

a(0)
δ2 + C 2

2

M + 1

2
+ K +

m − δω
2

+ 1,

and

K2 = −3
θ(0)

a(0)
ν2 − Ke−ϑτ + ω2ν2

(
1

m − δω
+

1

2

)
,

K3 = −3
θ(0)

a(0)
+ ω2

(
1

m − δω
+

1

2

)
.
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ε ≤ min

{
B1

K1
,

B2

K2
,

B3

K3
,

1

C∗

}
,

E ′(t) ≤ −cεE (t) ≤ −cεA−1
2 E(t).

c = min

{
1, 2ϑe−ϑτ ,−2σ

θ(0)

a(0)

}
,

Theorem 2

Under the assumptions (2), (4), (5) and (6), the energy of the
system (7) exponentially decays to zero with a decay rate

$ = A−1
2 εc > 0.
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